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Waveforms of gravitational waves provide information about a variety of parameters for the binary
system merging. However, standard calculations have been performed assuming a FLRW universe
with no perturbations. In reality this assumption should be dropped: we show that the inclusion of
cosmological perturbations translates into corrections to the estimate of astrophysical parameters
derived for the merging binary systems. We compute corrections to the estimate of the luminosity
distance due to velocity, volume, lensing and gravitational potential effects. Our results show that
the amplitude of the corrections will be negligible for current instruments, mildly important for
experiments like the planned DECIGO, and very important for future ones such as the Big Bang
Observer.
PACS numbers:
I. INTRODUCTION
The existence of gravitational waves (GWs), predicted by Einstein in 1916 [1], was confirmed one century later
when gravitational-waves were observed by the LIGO-VIRGO collaborations [2–4]; for a short review of the history
of GWs, see [5].
The Advanced LIGO instruments detected GWs from the coalescence of binary Black Holes (BHs); this discovery
not only represents a confirmation of the structure of Einstein’s General Relativity (GR), but also provides new ways
to test it, along with other models of gravity, opening up an entirely new window for observational astrophysics.
More generally, it will be possible to address important questions about our Universe in a novel way. Measuring the
waveform from a distant coalescing binary provides us, for example, with information on the (redshifted) chirp mass
of the source and its luminosity distance.
Gravitational wave astronomy provides a novel window to investigate the Universe and can be used to test cos-
mological (see e.g. [6–10] for the possibility of determining cosmological parameters form GW observations, [11–17]
for GW luminosity distance-redshift relation and gravitationally lensed GW sirens, [18–27] for testing general rela-
tivity and modified gravity models with GW, [28] for using radio galaxy surveys for GW astronomy) or astrophysical
(e.g. [29–35]) models. For some reviews on astrophysical and cosmological studies to be performed using gravitational
waves, see [36–41].
Gravitational waves can also be considered as standard sirens for determining the distance-redshift relation [12].
Therefore, using future ground- and space-based gravitational wave detectors such as the Einstein Telescope (ET, [42]),
LISA [43–45], the DECI-hertz Interferometer Gravitational-wave Observatory (DECIGO, [46]) and the Big-Bang
Observer (BBO, [47]), we will be able to measure the cosmological expansion at good precision up to high redshifts.
It is therefore timely to develop precise formalisms to use GW observations to perform astrophysical and cosmological
studies, not only by understanding the investigations that will be enabled by GW-Astronomy, but also by including
subtle effects, contaminations and degeneracies (see e.g. [48]). In this paper we take a further step in this direction,
and we analyze the effect of cosmological perturbations and inhomogeneities on estimates of the luminosity distance
of black hole binary mergers through gravitational waves. We apply the “Cosmic Rulers” formalism [49], we consider
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2the observer frame as reference system and we derive a different expression wrt [50], which is correct for the effect of
large-scale structures on GW waveforms, accounting for lensing, Sachs-Wolfe, integrated Sachs-Wolfe, time delay and
volume distortion effects, and evaluate their importance for future GW experiments. Finally we are able to connect
our results with the initial amplitude of GW signal and interpret the numerical simulations of coalescing BH binaries,
which produce the templates, using the observed – rather than the background – frame1.
This paper is structured as follows. In Section II we setup the formalism to calculate effects of perturbations to
the propagation of gravitational waves, and compute their amplitude and phase shifts, in general and in the Poisson
gauge. In Section III we numerically evaluate the corrections for different contributions and at different redshifts, and
compare them with predictions for future experiments precision. We discuss our results and conclude in Section IV.
Throughout the paper we assume the following conventions: units, c = G = 1; signature (−,+,+,+); Greek indices run
over 0,1,2,3, and Latin ones over 1,2,3.
II. GRAVITATIONAL WAVES PROPAGATION IN THE PERTURBED UNIVERSE
Usually, the effect of perturbations on the propagation of gravitational waves has been often neglected so far;
however, with the very recent beginning of the so-called gravitational wave astronomy era, it is timely to start
developing precise formalisms to investigate the Universe using GWs.
There have been initial attempts to investigate the Integrated-Sachs Wolfe (ISW) effect on GWs from supermassive
black hole mergers and in particular its effect on the system’s parameter estimation in [50], the ISW of a primordial
stochastic background [51], and lensing effects [52]; it is worth noting that environmental effects can also affect
estimates of the luminosity distance [53]. Recently, [54] analyzed the effect of local peculiar velocities on the relation
luminosity distance-redshift and on the chirp mass estimate for LISA, in particular referring to the possibility of
jointly estimating the two with gravitational waves, as originally suggested in [55, 56].
In this context, in this work we generalize these studies and develop a formalism to compute the change in the
estimation of luminosity distance due to the presence of cosmological perturbations and inhomogeneities. We will use
the “Cosmic Rulers” [49, 57–61] formalism and calculate the correction to the observed luminosity distance due to
volume, lensing and ISW-like effects.
A. Cosmic rulers for gravitational waves
We start by assuming Isaacson’s shortwave or geometric optics approximation [62, 63]; in this case, the space-time
metric can be written as the sum of two parts: gµν = g˜µν + hµν , where g˜µν is usually named “background metric” and
describes both the FRW metric and first-order perturbations, and hµν is the gravitational wave metric perturbation
(where we are using the same notation of [50]). In the shortwave approximation and neglecting the response of matter
background effect to the presence of hµν , a gravitational wave can be described as
h¯µν = Aµν eiϕ/ = eµν A eiϕ/ = eµνh , (1)
where h¯µν = hµν − g˜µνh/2 and h is the trace of hµν w.r.t. the background metric g˜µν . Here eµν is a polarization tensor
and A and ϕ are real functions of retarded time and describe respectively the amplitude and the phase of the GW
(see e.g. [50]).
From now on it is convenient to use the comoving metric gˆµν = g˜µν/a2, where a is the scale factor. Defining
the GW wave-vector kµ = −gˆµν∇νϕ, we have kµkµ = 0, kµ∇µkν = 0, kµ∇µeαβ = 0 (i.e. the polarization tensor is
parallel-transported along null geodesics) and
d
dχ
ln (Aa) = −1
2
∇µkµ , (2)
where we have used d/dχ ≡ kµ∇µ.
1 The background frame is assumed to be homogeneous and without anisotropies.
3We define xµ(χ) as the comoving coordinates in the real frame (or real space), where χ is the comoving distance,
in real-space, from the source to the detector (the observer). On the other hand, we call Redshift-GW frame (RGW)
the “cosmic GW laboratory” where we perform the observations, i.e. the observed frame2. In RGW space we use
coordinates which effectively flatten our past gravitational wave-cone so that the GW geodesic from an observed BH
has the following conformal space-time coordinates:
x¯µ = (η¯, x¯) = (η0 − χ¯, χ¯n). (3)
Here η0 is the conformal time at observation, χ¯(z) is the comoving distance to the observed redshift in RGW-space, n
is the observed direction of arrival in the sky of the GW, i.e. ni = x¯i/χ¯ = δij(∂χ¯/∂x¯j). Using χ¯ as an affine parameter
in the observed frame, the total derivative along the past GW-cone is d/dχ¯ = −∂/∂η¯ + ni∂/∂x¯i. Below we will use
the subscripts “e” and “o” to denote the the observer evaluated at the position where the GW is emitted and at the
location of the observer where the GWs are received, respectively.
It is also useful to define the parallel and perpendicular projection operators to the observed line-of-sight direction.
For any spatial vectors and tensors:
A∥ = ninjAij , Bi⊥ = PijBj = Bi − niB∥ , (4)
where Pij = δij − ninj . The directional derivatives are defined as
∂¯∥ = ni ∂
∂x¯i
, ∂¯2∥ = ∂¯∥∂¯∥ , ∂¯⊥i = Pji ∂¯j = ∂∂x¯i − ni∂¯∥ , ∂nj∂x¯i = 1χ¯Pji , ddχ¯∂i⊥ = ∂¯i⊥ ddχ¯ − 1χ¯∂i⊥ , (5)
and we have
∂Bi
∂x¯j
= ninj ∂¯∥B∥ + ni∂¯⊥jB∥ + ∂¯⊥jBi⊥ + nj ∂¯∥Bi⊥ + 1χ¯PijB∥ ,∇¯2⊥ = ∂¯⊥i∂¯i⊥ = δij ∂∂x¯i ∂∂x¯j − ∂¯2∥ − 2χ¯ ∂¯∥ . (6)
Defining k¯µ as the null geodesic vector in the redshift frame at zeroth order,
k¯µ = dx¯µ
dχ¯
= (−1, n) , (7)
while for the perturbed case we define the physical kµ evaluated at χ¯ in the following way
kµ(χ¯) = dxµ
dχ¯
(χ¯) = d
dχ¯
(x¯µ + δxµ) (χ¯) = (−1 + δν, ni + δni) (χ¯). (8)
Now, let us indicate the apparent positions as x¯µ, the observed space (or the redshift-space), while the true positions
are at xµ, real- space, by the displacement ∆xµ(χ¯) of the observed position of coalescing BH binaries. In other words,
we can set up a mapping between RGW- and real- space (the “physical frame”) in the following way
χ = χ¯ + δχ , xµ(χ) = x¯µ(χ¯) +∆xµ(χ¯) , ∆xµ(χ¯) = dx¯µ
dχ¯
δχ + δxµ(χ¯) = k¯µδχ + δxµ(χ¯). (9)
From Eq. (8), we obtain explicitly
δx0(χ¯) = ∫ χ¯
0
dχ˜ δν(χ˜) , δxi(χ¯) = ∫ χ¯
0
dχ˜ δni(χ˜) , (10)
where we have imposed the boundary conditions at the observer: δx
0(n)
o = 0 and δxi(n)o = 0. In real-space the scale
factor is
a = a[x0(χ)] = a(x¯0 +∆x0) = a¯ (1 +H∆x0) , (11)
2 In the case of photons, this prescription has been used for the first time in [57].
4where a¯ = a(x¯0), H = a¯′/a¯ and prime indicates ∂/∂x¯0 = ∂/∂η¯. Defining3
a
a¯
= 1 +∆ lna , (12)
we have
∆ lna = H∆x0 =H (−δχ + δx0) . (13)
Here we consider the local wave zone approximation to define the tetrads at source position4 [38]. If we choose the
four-velocity uµ as the time-like basis vector, then
uµ = aE0ˆµ , uµ = a−1Eµ0ˆ , (14)
where Eµαˆ is the tetrad in the comoving frame. At the background level we have E
(0)
0ˆµ
= (−1,0) and, perturbing the
tetrad, we obtain
E0ˆµ (xν(χ)) = E0ˆµ (x¯ν(χ¯) +∆xν) = E(0)0ˆµ (χ¯) +E(1)0ˆµ (χ¯) . (15)
From kµ, the map from redshift to real-space is given by
kµ (χ) = dxµ(χ)
dχ
= kµ (χ¯ + δχ) = kµ(0)(χ¯) + kµ(1)(χ¯) , (16)
where kµ(0)(χ¯) = k¯µ, and at first order
dδkµ(χ¯)
dχ¯
+ δΓˆµαβ(x¯γ)k¯α(χ¯)k¯β(χ¯) = 0 , (17)
where δkµ(χ¯) = kµ(1)(χ¯) and, consequently,
δk0(χ¯) = δν , δki(χ¯) = δni .
The observed redshift (precisely, if we have its electromagnetic counterpart) is given by
(1 + z) = fe
fo
= ao
a(χe) (E0ˆµk
µ)∣
e(E0ˆµkµ)∣o , (18)
Choosing ao = a¯o = a(x¯0) = 1 and (E0ˆµkµ)∣o = 1, we have
1 + z = E0ˆµkµ
a
. (19)
From Eq. (12), a¯ is the scale factor in redshift-space. Then a¯ = 1/(1 + z). From Eqs. (12), (15) and (16), we get
1 = 1 + (E0ˆµkµ)(1)
1 +∆ lna . (20)
3 For simplicity in the main text we set ao = 1. However, for the sake of completeness, we should include the perturbation of the scale
factor at observation δao = ao − 1, since we have to assume that the proper time of the observer at observation η0 is fixed by the choice
of scale factor via the relation a(η0) = 1 in the background. In this case our definition of ∆ lnatxt, in the main text, becomes
∆ lna → ∆ lna = ∆ lnatxt + δao ,
where δao is defined in [49].
4 The observer “at the emitted position” is within a region with a comoving distance to the source sufficiently large so that the gravitational
field is “weak enough” but still “local”, i.e. the gravitational wave wavelength is small w.r.t. the comoving distance from the observer
χ¯.
5Therefore, we can write ∆ lna as
∆ lna = (E0ˆµkµ)(1) = E(1)0ˆµ kµ(0) +E(0)0ˆµ kµ(1) = −E(1)0ˆ0 + niE(1)0ˆi − δν , (21)
Using Eqs. (13) and (21) we obtain
δχ = δx0 − ∆ lnaH = δx0 −∆x0 . (22)
In the rest of this Section we will then use this formalism to compute modifications to amplitude and phase of
gravitational waves due to perturbations around a FRW metric.
B. Gravitational waves in the observed frame
We start by calculating perturbations in a general way. Let us write hµν defined in Eq. (1) in Redshift-GW frame.
First of all, we will compute the phase ϕ. At first order
kµkµ = −kµg˜µν∇νϕ = − d
dχ
ϕ(xµ(χ)) = −dχ¯
dχ
d
dχ¯
ϕ(x¯µ +∆xµ) = −(1 − dδχ
dχ¯
) d
dχ¯
[ϕ¯ + δϕ(x¯µ) +∆xµ∇¯µϕ¯] = 0 , (23)
where ϕ¯ = ϕ(0)(x¯µ). Defining k¯µ = −∇¯µϕ¯, dϕ/dχ¯ = k¯µ∇µϕ and ϕ(x¯µ) = ϕ¯ + δϕ(x¯µ), we find
− d
dχ¯
δϕ(x¯µ) = k¯µδkµ(χ¯) , (24)
where ∇¯µδϕ(x¯µ) = −δkµ(χ¯). Note that dϕ/dχ = 0 instead of dϕ/dχ¯ ≠ 0.
Now we turn to the amplitude; starting from Eq.(2), up to linear order, we have
(1 − dδχ
dχ¯
) d
dχ¯
ln{A(x¯µ +∆xµ) a¯[1 +∆ lna]} = −1
2
[(∂x¯ν
∂xµ
) ∂
∂x¯ν
(k¯µ + δkµ) + δΓµµν k¯ν] . (25)
In particular, following the prescription defined in the previous subsection, we can divide the contributions to Eq. (25)
in three parts
d
dχ¯
ln [A (x¯µ +∆xµ)] = d
dχ¯
ln A¯ + d
dχ¯
[δ lnA +∆xµ∂¯µ ln A¯] = d
dχ¯
ln A¯ + d
dχ¯
δ lnA + ( d2
dχ¯2
ln A¯) δχ
+( d
dχ¯
ln A¯)( d
dχ¯
δχ) + ( d
dχ¯
∂¯µ ln A¯) δxµ + (∂¯µ ln A¯) δkµ ,
(26)
d
dχ¯
ln [a¯ (1 +∆ lna)] = −H −H′ (−δχ + δx0) +H (− d
dχ¯
δχ + δk0) ,
(27)
(∂x¯ν
∂xµ
) ∂
∂x¯ν
(k¯µ + δkµ) = (δνµ − ∂¯µ∆xν) ∂∂x¯ν (k¯µ + δkµ) = 2χ¯ (1 + δk∥) + ( ddχ¯ δk∥) + ∂∂x¯0 (δk0 + δk∥) + ∂¯⊥iδki⊥− 2
χ¯2
(δχ + δx∥) − 1
χ¯
∂¯⊥iδxi⊥ , (28)
where ∂¯⊥i∆xi⊥ = ∂¯⊥iδxi⊥ and Pii = 2. Then to the lowest order we have (see also [50])
A¯(x¯0, χ¯) = Q
a¯(x¯0)χ¯ = Q(1 + z)χ¯ , (29)
where Q is constant along the null geodesic. Here Q is determined by the local wave-zone source solution and
contains all the physical information on the spiralling binary5. At the receiving location it is given by the same
5 The physical meaning of Q is not the same as [50]. Indeed, in this paper, Q is defined directly in the observed frame x¯µ = (η¯, x¯) and,
in [50], with a unperturbed background metric.
6solution evaluated at the retarded time. With this result, using Eq. (5) and
( d
dχ¯
∂¯µ ln A¯) δxµ + (∂¯µ ln A¯) δkµ =H′δx0 + 2
χ¯2
δx∥ −Hδk0 − 1
χ¯
δk∥ , (30)
∂¯⊥iδki⊥ = ∂¯⊥i ddχ¯ δxi⊥ = ddχ¯ ∂¯⊥iδxi⊥ + 1χ¯ ∂¯⊥iδxi⊥ , (31)
we can finally write
d
dχ¯
δ lnA = −1
2
[ ∂
∂x¯0
(δk0 + δk∥) + d
dχ¯
δk∥ − 2 d
dχ¯
κ + δΓµµν k¯ν] , (32)
where κ is the weak lensing convergence term
κ = −1
2
∂¯⊥i∆xi⊥ . (33)
The perturbed gravitational waves can then be fully described as
h(ηe,xe) = A(ηe,xe) eiϕ(ηe,xe) = Q(1 + z)
χ¯
(1 +∆ lnA)ei(ϕ¯+∆ϕ) , (34)
where the perturbations of amplitude and phase are
∆ lnA = δ lnA +∆x0∂¯0 ln A¯ +∆x∥∂¯∥ ln A¯ = δ lnA − (1 − 1Hχ¯)∆ lna + Tχ¯ , (35)
∆ϕ = δϕ + T . (36)
with −T = ∆x0 +∆x∥.
C. Perturbations in the Poisson gauge
The relations obtained so far are valid in any gauge. We now derive the expressions for the amplitude and phase
corrections in the Poisson gauge, so that we will be able to estimate their practical relevance. The background metric
g˜µν in Poisson gauge reads
ds2 = a(η)2 [− (1 + 2Φ)dη2 + δij (1 − 2Ψ)dxidxj] , (37)
where we are neglecting vector and tensor perturbations at first order.
For the geodesic equation we obtain, at linear order,
d
dχ¯
(δν − 2Φ) = Φ′ +Ψ′ , d
dχ¯
(δni − 2Ψni) = −∂¯i (Φ +Ψ) , (38)
To solve Eq. (38) we need the values of δν and δni(1) today. In this case we need all the components of the tetrads
Eαˆµ , which are defined through the following relations (see Appendix A)
gˆµνEαˆµE
βˆ
ν = ηαˆβˆ , ηαˆβˆEαˆµEβˆν = gˆµν , gˆµνEβˆν = Eβˆµ , ηαˆβˆEβˆν = Eβˆν , (39)
where ηαˆβˆ is the comoving Minkowski metric [60]. Using the constraints
δνo = Φo + v∥o , δnaˆo = −vaˆo + naˆΨo , (40)
from Eq.(38) we obtain at first order
δν = − (Φo − v∥o) + 2Φ + ∫ χ¯
0
dχ˜ (Φ′ +Ψ′) = − (Φo − v∥o) + 2Φ − 2I , (41)
δni = −vio − niΨo + 2niΨ − ∫ χ¯
0
dχ˜ ∂˜i (Φ +Ψ) = niδn∥ + δni⊥ , (42)
7where
δn∥ = Φo − v∥o −Φ +Ψ + 2I , δni⊥ = −vi⊥o + 2Si⊥ . (43)
Here
I = −1
2
∫ χ¯
0
dχ˜ (Φ′ +Ψ′) , Si(1)⊥ = −1
2
∫ χ¯
0
dχ˜ ∂˜i⊥ (Φ +Ψ) (44)
where, I is the integrated Sachs-Wolfe (ISW) term [64]. The GW phase in Eq. (24) can be obtained with the following
relation 6
−dδϕ
dχ¯
= δn∥ + δν = Φ +Ψ . (49)
From Eq. (22) we then have
∆ lna = (Φo − v∥o) −Φ + v∥ + 2I = (Φo − v∥o) −Φ + v∥ − ∫ χ¯
0
dχ˜ (Φ′ +Ψ′) , (50)
δχ = −(χ¯ + 1H)(Φo − v∥o) + 1H (Φ − v∥) + ∫ χ¯0 dχ˜ [2Φ + (χ¯ − χ˜) (Φ′ +Ψ′)] − 2HI . (51)
We can therefore write explicitly the components of ∆x; from Eqs. (12) and (21) we find
∆x0 = 1H [(Φo − v∥o) −Φ + v∥ + 2I] = 1H [(Φo − v∥o) −Φ + v∥ − ∫ χ¯0 dχ˜ (Φ′ +Ψ′)] ; (52)
from Eqs. (9) and (45) we have
∆x∥ = −T − 1H [(Φo − v∥o) −Φ + v∥ + 2I]= ∫ χ¯
0
dχ˜ (Φ +Ψ) − 1H [(Φo − v∥o) −Φ + v∥ − ∫ χ¯0 dχ˜ (Φ′ +Ψ′)] , (53)
and
∆xi⊥ = δxi⊥ = −χ¯ vi⊥o − ∫ χ¯
0
dχ˜ (χ¯ − χ˜) ∂˜i⊥ (Φ +Ψ) . (54)
We can recognize that in Eq. (52) there is an ISW contribution and in Eq. (53) we have both time-delay and ISW
contributions, while Eq. (54) represents the lensing contribution.
Finally, from Eq. (32), we can see that δ lnA − δ lnAo = Ψ − Ψo + κ. Therefore, we can express perturbations in
amplitude and phase of Eqs. (35) and (36), in the Poisson gauge, as
∆ lnA = δ lnAo +Ψ −Ψo + κ − (1 − 1Hχ¯)∆ lna + Tχ¯ , (55)
∆ϕ = δϕo . (56)
6 To obtain Eq. (49) we used Eqs. (24), and we note that
δϕ − δϕo = T = − (δx0 + δx∥) = −∫ χ¯
0
dχ˜ (Φ +Ψ) , (45)
δx0 = −χ¯ (Φo − v∥o) + ∫ χ¯
0
dχ˜ [2Φ + (χ¯ − χ˜) (Φ′ +Ψ′)] , (46)
δx∥ = χ¯ (Φo − v∥o) − ∫ χ¯
0
dχ˜ [(Φ −Ψ) + (χ¯ − χ˜) (Φ′ +Ψ′)] , (47)
δxi⊥ = −χ¯ vi⊥o − ∫ χ¯
0
dχ˜ [(χ¯ − χ˜) ∂˜i⊥ (Φ +Ψ)] . (48)
8The correction in Eq. (55) can be related to the luminosity distance DL, in the following way
∆DLD¯L = −Ψ − κ + (1 − 1Hχ¯)∆ lna − Tχ¯ , (57)
taking into account that 7
he = Q(1 + z)2DL eiϕ¯ . (58)
and
∆ lnA = −∆DLD¯L , (59)
defining D¯L = (1 + z)χ¯ the observed average luminosity distance taken over all the sources with the same observed
redshift z, with DL = D¯L +∆DL.
The gravitational wave observed at the detector is red-shifted, hence we find
hr ≡ he(1 + z) = Q(1 + z)DL eiϕ¯ . (60)
Now, we have to estimate correctly Q from inspiral of compact binaries [65]. For simplicity, in this work, i) we assume
the Newtonian approximation which agrees with standard weak-field approximation in general relativity (i.e., we are
neglecting the post newtonian terms) and ii) we consider only the regime called of “quasi-circular” motion (i.e. the
approximation in which a slowly varying orbital radius is applicable) [38, 66, 67] . Then from the quadrupole formula
we have [65]
Q =Me (pifeMe)2/3 , (61)
where Me, and fe are the intrinsic “chirp mass” and frequency of the binary, respectively. Then ϕ¯ = ϕc −(pi feMe)−5/3/16 where ϕc is the value of the phase at f =∞ and t(f) = tc − (5/256)Me(pifeMe)−8/3 [67].
A note is in order here. The relation in Eq. (61) formally is the same as that of [50], but its physical meaning is
totally different. In fact in [50] the authors consider as redshift the inverse of scale factor in the background frame,
i.e. a Universe without inhomogeneities and anisotropies. Instead Eq. (61) depends on the measured redshift. In
other words, this value of redshift coincides with that of a hypothetical event where it is possible to measure its
electromagnetic signal, i.e. the photons from the coalescence. Finally, from Eq. (57), we immediately note that we
have recovered the same result obtained by the luminosity distance computed for the photon, see Eq. (51) in ref. [49].
Taking into account that Q is computed in the observed frame, defining Mr =Me(1 + z) and fr = fe/(1 + z), we
have8
hr = MrDL (pifrMr)2/3 eiϕr , (62)
and considering that h¯r =Mr (pifrMr)2/3 eiϕr/D¯L , we have
∆hr
h¯r
= −∆DLD¯L . (63)
It is worth noticing that the luminosity distance is also related to the signal-to-noise ratio (σ2) for the detection of
gravitational waves (see e.g. [65, 68]), via
σ2 = 4∫ ∞
0
∣h˜∣2
Sn
dfr , (64)
7 Here we have assumed δϕo = 0, i.e. ϕe = ϕ¯. Moreover, by construction, we have δ lnAo = Ψo.
8 i.e. fo = fr and ϕ¯ = ϕr
9where h˜ = (M2r/DL)(frMr)−7/6eiψr is the Fourier transform of Eq. (62), Sn is the spectral noise density and ψr ≡
2pi fr to + φr(to) with to being the stationary point of the phase [50] 9 . Hence we have [65]
σ2 = 4(MrDL )2 ∫ ∞0 (frMr)−7/3(Sn/Mr) d(frMr) , (65)
and
∆σ
σ¯
= −∆DLD¯L . (66)
In the rest of the paper we will drop the unobservable constant contribution evaluated at the observer, denoted with
a subscript zero. Finally, it is important to point out that using this prescription one can generalize the definition
of Q of Eq. (61) and ψr by adding all Post-Newtonian corrections to the wave amplitude and phase of gravitational
waves (see e.g. [65, 66, 69–73]).
III. RESULTS
Here we compute the modifications of the value of the luminosity density DL inferred from gravitational waves, due
to perturbations.
We can make Eq. (57) explicit, i.e. we can write the correction to the luminosity distance as
∆DLD¯L = (1 − 1Hχ¯) v∥ − 12 ∫ χ¯0 dχ˜(χ¯ − χ˜)χ˜χ¯ △Ω (Φ +Ψ) ++ 1Hχ¯Φ − (1 − 1Hχ¯)∫ χ¯0 dχ˜ (Ψ′ +Φ′) − (Φ +Ψ) + 1χ¯ ∫ χ¯0 dχ˜ (Φ +Ψ) , (67)
where △Ω ≡ χ¯2∇¯2⊥ = χ¯2(∇¯2 − ∂¯2∥ − 2χ¯−1∂¯∥) = (cot∂θ + ∂2θ + ∂ϕ/ sin2 θ). We can recognize in Equation (67) the presence
of a velocity term (the first r.h.s. term), followed by a lensing contribution, and the final four terms account for SW,
ISW, volume and Shapiro time-delay effects.
To numerically compute the magnitude of this effect, we calculate the mean fluctuation of the effect, at any given
redshift, as
CDL` = ⟨∆DLD¯L ∆DLD¯L ∗⟩ = 2pi ∫ dk k2 [IDL` (k)]2 PΨ(k) , (68)
where
IDL` = 910Tm(k)∫ dχ¯ χ¯2Wχ⎧⎪⎪⎨⎪⎪⎩ − j`(χ¯k) [GΨ(a¯, k)a¯ + (1 − 1Hχ¯) GΦ(a¯, k)a¯ ]
−(1 − 1Hχ¯) [ `χ¯k j`(χ¯k) − j`+1(χ¯k)]Gv(a¯, k) + ∫ χ¯0 dχ˜ j`(χ˜k)
⎡⎢⎢⎢⎢⎣ 1χ¯ (GΨ(a˜, k) + GΦ(a˜, k)a˜ )
−(1 − 1Hχ¯) a˜H(a˜) dda˜ (GΨ(a˜, k) + GΦ(a˜, k)a˜ ) + `(` + 1) (χ − χ˜)2χχ˜ (GΨ(a˜, k) + GΦ(a˜, k)a˜ )
⎤⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭ .
(69)
Here Wχ represents the normalized object selection function (the normalization convention is ∫ dχχ2Wχ = 1)10,
j`(x) are spherical Bessel functions of order ` and argument x and the quantities GΦ, GΨ Gm and Gv are defined in
Appendix B.
9 Following [50], we have used the stationary-phase approximation and neglected the antenna-pattern functions.
10 Wχ can be easily related to the redshift distribution Wz = χ2Wχ/aH, where ∫ dzWz = 1.
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FIG. 1: Different contributions to the modification of DL, for a variety of redshift ranges. For the expression of different terms,
see Eq. (67).
In Figure 1 we show the relative importance of different contributions to Eq. (67): velocity (dotted lines and square
symbols), lensing dashed lines and circles), and gravitational potentials (as the sum of SW, ISW, volume and Shapiro
time-delay effects; dot-dashed lines and diamonds). We plot results computed by calculating the C` of Eq. (68) for
sources on a variety of redshift ranges, z ∈ {[0,1], [1,2], [3,4], [4,5]}; in the plots, colors indicate different values of z
within the range (in ascending order, black, red, blue, green, purple).
We can see how the velocity terms are the most important on large scales and low redshift (in analogy with the
velocity contributions to galaxy clustering, see [74]). The gravitational potentials contributions are always very small;
they become more important than velocity ones at higher-z, but they stay almost two orders of magnitude below the
most important contribution at each redshifts and scales, at maximum. Lensing terms are in general the dominant
ones; being an integrated (along the line of sight) quantity, their importance is lowest al lowest z, but they quickly
overpower velocity terms (for ` > 20, z > 0.5).
It can be seen from Figure 1 that different contributions have different behavior at different scales; therefore, given
that the total result is computed as a sum over `, in Figure 2 we show how the luminosity distance correction depends
on the maximum multipole used. The plot shows that the results are only mildly dependent on the scale selected; in
the following we will assume `max = 1000. Taking into account corrections arising in the non-linear regime, lensing
corrections are larger (for photons the corrections are estimated to be ∼ 0.05z magnitudes, see e.g. [75, 76]), given
that non-linear lensing contributions are dominant over linear perturbations [77]. However, in the non-linear regime,
there are large effects on the luminosity distance-redshift relation and on the chirp mass estimate [54], due to local
peculiar velocities of the merging binary systems. For this reason we limit our analysis to large, linear, scales.
The final result is then computed by calculating:
דל = ⎛⎜⎝∑` 2` + 14pi CDL` ⎞⎟⎠1/2 . (70)
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FIG. 2: Total correction to the luminosity distance as a function of the maximum ` used, for different redshifts.
We evaluate the דל contribution for a variety of future GW experiments, such as the Einstein Telescope (ET),
DECIGO and the Big-Bang Observer.
In Figure 3 we show the total correction to luminosity distance estimates due to perturbations, as a function of
z. The dotted, dashed and dot-dashed lines show velocity, lensing and ISW-like contributions, respectively, while
the solid line shows the total effect. Points show the predicted precision in measurements of the luminosity distance,
at any redshift, for the Einstein Telescope (green points), DECIGO (red points) and the Big Bang Observer (black
points), taken from [9, 14].
We can see that the additional DL uncertainty due to the inclusion of perturbations has a peak at low-z due
to velocity contributions, that surpasses the predicted measurement errors for all the experiments considered here.
However, velocity effects rapidly decrease and lensing takes over. The integrated lensing effects increase with z, and
their amplitude is of a factor∼ 2 smaller than DECIGO forecast precision. When we consider BBO, however, the
correction to the DL uncertainty is consistently twice the predicted errors, making it a very relevant correction, that
one will need to take into account.
IV. CONCLUSIONS
In this paper we investigated the effect of including perturbations in the estimate of luminosity distances as inferred
from gravitational wave observations. While the usual calculation is performed in a homogeneous and isotropic FLRW
Universe, we show that the observed GWs have a different luminosity distance DL than the real-space ones, in the same
way observed (redshift)-space galaxies are in a different location than the ones in real space. We derive expressions for
the luminosity distance in what we call Redshift-GW frame and the difference between that and the unperturbed case,
in analogy with what has been done for photons (see e.g. [78, 79]), using the Cosmic Rulers formalism to generalize
the results of [50] by including all velocity, lensing and gravitational potentials (Sachs-Wolfe, Integrated Sachs-Wolfe,
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FIG. 3: Total correction to luminosity distance estimates due to perturbations (computed as in Eq. (70)), as a function of z.
The dotted, dashed and dot-dashed lines show Doppler, lensing and ISW-like contributions, respectively, while the solid line
shows the total effect. Points show the predicted precision in measurements of the luminosity distance, at any redshift, for the
Einstein Telescope (green points), DECIGO (red points) and the Big Bang Observer (black points).
volume distortion and Shapiro time-delay effects).
The main difference w.r.t. [50] is that the amplitude of the GW at the initial condition is not evaluated in background
frame, but in Redshift-GW frame. In this way we are able to connect our results with the initial amplitude, using
directly the output from simulations of coalescing binary BHs, which produce the templates.
The inclusion of deviations due to perturbations therefore causes an additional uncertainty in the determination
of DL from GW observations; we then computed the root-mean square fluctuations of this effect for a wide range of
redshifts.
Our results show that, as expected, the dominant source of correction is due to lensing magnification effects, again
in analogy with the case of photons and galaxy number counts (see e.g. [80]). The amplitude of this effect is however
small, and it will not constitute a relevant additional uncertainty for near future and next generation GW experiments.
However, for future GW detectors such as the planned Big Bang Observer, the uncertainty we compute is predicted to
be as much as twice the normally predicted error in DL, making it necessary to be included in any realistic analysis.
Finally, the inclusion of perturbations and the distinction between real space and Redshift-GW frame might affect
other aspects of GW astronomy; we leave this investigation to a future work.
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Appendix A: Perturbation terms in the Poisson Gauge
From Eq. (37), the perturbations of g˜µν , g˜
µν and the comoving metric gˆµν , gˆ
µν are
g˜00 = a2gˆ00 = −a2 (1 + 2Φ) , g˜00 = a−2gˆ00 = −a−2 (1 − 2Φ) ,
g˜0i = a2gˆ0i = 0 , g˜0i = a−2gˆ0i = 0,
g˜ij = a2gˆij = a2 (δij − 2δijΨ) , g˜ij = a−2gˆij = a−2 (δij + 2δijΨ) .
(A1)
For Christoffel symbols Γ˜µρσ = Γ˜µ(0)ρσ + Γ˜µ(1)ρσ (using g˜µν) and Γˆµρσ = Γˆµ(0)ρσ + Γˆµ(1)ρσ (using gˆµν), we obtain
Γ˜
0(0)
00 =H , Γ˜0(0)0i = 0 , Γ˜i(0)00 = 0 ,
Γ˜
i(0)
00 = 0 , Γ˜i(0)j0 =Hδij , Γ˜i(0)jk = 0 , Γˆµ(0)ρσ = 0 , (A2)
Γ˜
0(1)
00 = Γˆ0(1)00 Γ˜0(1)0i = Γˆ0(1)0i
Γ˜
0(1)
ij = Γˆ0(1)ij − 2H (Φ +Ψ) δij Γ˜i(1)00 =ˆ˜Γi(1)00
Γ˜
i(1)
j0 = Γˆi(1)j0 Γ˜i(1)jk = Γˆi(1)jk ,
Γˆ
0(1)
00 = Φ′ , Γˆ0(1)0i = ∂iΦ ,
Γˆ
0(1)
ij = −δijΨ′ , Γˆi(1)00 = ∂iΦ ,
Γˆ
i(1)
j0 = −δijΨ′ , Γˆi(1)jk = −δik∂jΨ − δij∂kΨ + δjk∂iΨ ,
(A3)
For four-velocity uµ, we find
u0 = −a (1 +Φ) , ui = avi u0 = 1
a
(1 −Φ) , ui = 1
a
vi . (A4)
For the tetrad:
E
(1)
0ˆ0
= −Φ , E(1)
0ˆi
= vi , E(1)aˆ0 = −vaˆ , E(1)aˆi = −δaˆiΨ , (A5)
Appendix B: Power Spectra relations
In order to encode all possible DE models let us define in Fourier space the following relations
v(a,k) = − 9
10
Tm(k)
k
Gv(a, k)Ψp(k), (B1)
δCm(a,k) = − 910Tm(k)Gm(a, k)Ψp(k), (B2)
Ψ(a,k) = 9
10
Tm(k)GΨ(a, k)
a
Ψp(k), (B3)
Φ(a,k) = 9
10
Tm(k)GΦ(a, k)
a
Ψp(k), (B4)
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where G are suitable transfer functions and depend on the model that we are considering and Tm(k) is the Eisenstein
Hu transfer function [81] (or BBKS [82]).
Here Ψp(k) is the primordial value set during inflation, whose power spectrum
⟨Ψ∗p(k1)Ψp(k2)⟩ = (2pi)3δ3D(k1 − k2)PΨ(k1). (B5)
reads
PΨ(k) = 50
9
pi2A2δH [ Ωm(a = 1)GΨ(a = 1, k)]
2
k−3 ( k
H0
)n−1 . (B6)
GΦ, GΨ Gm and Gv are, in principle, all functions of space and time. For ΛCDM and Dark energy + Dark matter
models, we can write them as
GΦ = GΨ =Dm (B7)
Gm = 2
3
k2
Ωm0H20
Dm (B8)
Gv = fH
k
Gm. (B9)
where Dm(a) is the growth function [defined as in 83] and11
fm(a) = d ln δCm
d lna
= d lnGm
d lna
= d lnDm
d lna
(B10)
is usually referred to as the growth factor. Here at background level,
H2 = a2H20 (Ωm0a−3 +ΩΛ0) , (B11)H′H2 = (1 − 32Ωm0a−3) , (B12)
and, at the first perturbative order, we have
δPm
′ +∇2v − 3Φ′ = 0, (B13)
v′ +Hv +Ψ = 0, (B14)∇2Φ = 4piGρ¯mδCm, (B15)
Ψ = Φ, (B16)
where we have defined δPm as the matter overdensity in Poisson gauge and
δCm = δPm − 3Hv (B17)
the gauge-invariant comoving density contrast.
Appendix C: Dependence on maximum multipole
Here we show how the results change as a function of the maximum multipole `max used in our calculations.
In Figure 4 we show the results, for the lensing component and the total contributions, in the fiducial case of
`max = 1000 used in the main text, along with the `max = 200, and a `max = `max(z) cases. In the latter, we assume
`max = 200,800,1100,1300,1500, for the different bins.
As it can be seen, while the lensing can change by a factor or ∼ 2 in some cases, this happens only in a limited
range of (mostly relatively low) redshifts, and do not significantly change the results of the paper. Doppler and ISW
11 In particular, Dm is normalised as Dm(aDM) = aDM, where aDM = a(τDM) and ΩDM = 1.
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FIG. 4: Total correction to luminosity distance estimates due to perturbations, as a function of z, for three different cases of
`max. Solid lines show the total effect, while the dashed one refers to the lensing contributions. Doppler and ISW effects are
subdominant and they are important mostly at very large scales, hence not affected by the choice of the smallest scale used.
contributions are not shown as they are subdominant and important mostly at very large scales, hence not affected
by the choice of the smallest scale used. Overall it is evident that the corrections will be larger than the statistical
errors for the BBO experiment, even limiting to very large scales.
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